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• 椭圆曲线方程来源于椭圆积分，后者来最初来源于计算椭圆周长的问题，
有一段时间的历史了，在欧拉时期就开始研究

• 对于椭圆曲线上的点和O点组成的集合，以及集合上定义的二元加法运
算，构成一个Abel群。单位元是O点，P(x,y)的逆元是P(x,−y)，封闭性，
结合性以及交换性也是显然满足的

密码学中普遍采用的是有限域上的椭圆曲线，也即是变元和系数
均在有限域中取值的椭圆曲线。使用模素数p的有限域Zp，将模运
算引入到椭圆曲线算术中，变量和系数从集合0,1,2,...,p−1中取值
而非是在实数上取值

有限域上的椭圆曲线的点和加法运算
构成一个有限交换群S





•p a prime #
•g a group member of cyclic order p => 
g*p=1G

• we can think about g as a point on the elliptic curve

• We like to calculate [n]g

• Classical way to compute this 

(((g + g) + g) + g) + g …….

• Another way: repeatedly doubling 2^kg

P0 = g; P1 = 2 P0; Pj = 2 Pj-1 。。。。。。



Q = g 

For  i = 1 to  t

Q = 2 Q

if ei = 1 R = R + Q

Return R (ng)

This is the so-called

Squared and Plus operation



If n is a random #, it will be expected half of 
the bits are ones and half of the bits are 
zeroes. So, log2n squares and ½ log2n additions



•Start with n = 3 

• If ei = {0,1} then G is the multi-product

•G = g1* g1 * g1 g2* g2 * g2 g2* g2 * g3 * g3

• Model the operation cost as either the multiplication or 
squaring 

• We calculate this example, 2 + 3 + 1 + 2 = 8



•Another way, Abelian sum method or 
Lebesgue integration method



•Now we move to the general situation 

Erroneous, shall be plus 









•So, now we only need to figure out how to 
handle those multiplication products inside 
the parentheses Gk’

• Learning from the early part, we would like 
to utilize the squared terms such as 

• The total cost is N*S = N * λ/𝑵 = λ𝑵



• For such inputs, each inner product term

will be a multiplication of  



•We will form the following sparse binary 
square matrix 



The first matrix is as follows

𝒆𝟎,𝟎 𝒆𝟎,𝒔 𝒆𝟎,𝟐𝒔
𝒆𝟎,𝟏 𝒆𝟎,𝒔+𝟏 𝒆𝟎,𝟐𝒔+𝟏
𝒆𝟎,𝟐 𝒆𝟎,𝒔+𝟐 𝒆𝟎,𝟐𝒔+𝟐

⋯

𝒆𝟎, 𝒕−𝟑 𝒔 𝒆𝟎, 𝒕−𝟐 𝒔 𝒆𝟎, 𝒕−𝟏 𝒔

𝒆𝟎, 𝒕−𝟑 𝒔+𝟏 𝒆𝟎, 𝒕−𝟐 𝒔+𝟏 𝒆𝟎, 𝒕−𝟏 𝒔+𝟏

𝒆𝟎, 𝒕−𝟑 𝒔+𝟐 𝒆𝟎, 𝒕−𝟐 𝒔+𝟐 𝒆𝟎, 𝒕−𝟏 𝒔+𝟐

⋮ ⋱ ⋮
𝒆𝟎,𝒔−𝟑 𝒆𝟎,𝟐𝒔−𝟑 𝒆𝟎,𝟑𝒔−𝟑
𝒆𝟎,𝒔−𝟐 𝒆𝟎,𝟐𝒔−𝟐 𝒆𝟎,𝟑𝒔−𝟐
𝒆𝟎,𝒔−𝟏 𝒆𝟎,𝟐𝒔−𝟏 𝒆𝟎,𝟑𝒔−𝟏

⋯

𝒆𝟎, 𝒕−𝟐 𝒔−𝟑 𝒆𝟎, 𝒕−𝟏 𝒔−𝟑 𝒆𝟎,𝒕𝒔−𝟑
𝒆𝟎, 𝒕−𝟐 𝒔−𝟐 𝒆𝟎, 𝒕−𝟏 𝒔−𝟐 𝒆𝟎,𝒕𝒔−𝟐
𝒆𝟎, 𝒕−𝟐 𝒔−𝟏 𝒆𝟎, 𝒕−𝟏 𝒔−𝟏 𝒆𝟎,𝒕𝒔−𝟏



The k-th block matrix is as follows

𝒆𝒌,𝟎 𝒆𝒌,𝒔 𝒆𝒌,𝟐𝒔
𝒆𝒌,𝟏 𝒆𝒌,𝒔+𝟏 𝒆𝒌,𝟐𝒔+𝟏
𝒆𝒌,𝟐 𝒆𝒌,𝒔+𝟐 𝒆𝒌,𝟐𝒔+𝟐

⋯

𝒆𝒌, 𝒕−𝟑 𝒔 𝒆𝒌, 𝒕−𝟐 𝒔 𝒆𝒌, 𝒕−𝟏 𝒔

𝒆𝒌, 𝒕−𝟑 𝒔+𝟏 𝒆𝒌, 𝒕−𝟐 𝒔+𝟏 𝒆𝒌, 𝒕−𝟏 𝒔+𝟏

𝒆𝒌, 𝒕−𝟑 𝒔+𝟐 𝒆𝒌, 𝒕−𝟐 𝒔+𝟐 𝒆𝒌, 𝒕−𝟏 𝒔+𝟐

⋮ ⋱ ⋮
𝒆𝒌,𝒔−𝟑 𝒆𝒌,𝟐𝒔−𝟑 𝒆𝒌,𝟑𝒔−𝟑
𝒆𝒌,𝒔−𝟐 𝒆𝒌,𝟐𝒔−𝟐 𝒆𝒌,𝟑𝒔−𝟐
𝒆𝒌,𝒔−𝟏 𝒆𝒌,𝟐𝒔−𝟏 𝒆𝒌,𝟑𝒔−𝟏

⋯

𝒆𝒌, 𝒕−𝟐 𝒔−𝟑 𝒆𝒌, 𝒕−𝟏 𝒔−𝟑 𝒆𝒌,𝒕𝒔−𝟑
𝒆𝒌, 𝒕−𝟐 𝒔−𝟐 𝒆𝒌, 𝒕−𝟏 𝒔−𝟐 𝒆𝒌,𝒕𝒔−𝟐
𝒆𝒌, 𝒕−𝟐 𝒔−𝟏 𝒆𝒌, 𝒕−𝟏 𝒔−𝟏 𝒆𝒌,𝒕𝒔−𝟏

Gk’ =



• The expression                     is obtained by 



•A simple strategy for evaluating these 
expressions is to pick a partition of the 
vertical vector                   of at most b 
elements

• For each Si, we compute all possible 
multiplications, denoted as Ti

• For example, for b = 3, then, S0={h0, h1, h2}
T0={h0 , h1 , h2 , h0h1, h0h2 , h1h2 , h0h1h2}



•Gk’ is a product of at most one element 
from each Ti







• For one of the optimal choices of b, we have

• Plug this  choice of b into the above calculation 



•We put everything together to obtain the 
final optimal cost result  



•We are goanna deal with polynomials













•N-th unit roots 𝝎𝒏= 1

•Prime n-th unit root, if for any natural # q < n

𝝎𝒒 != 1





















Erroneous







P             

Prof.Dr.Chern Lu, CFA FRM PRM 
luchern@yahoo.com

Thank You 
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